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Moments and characteristic polynomials for square
lattice graphs

Hongxing Zhang and K. Balasubramanian*

Department of Chemistry, Arizona State University, Tempe,
AZ 85287-1604, USA

The method of moments is used to derive closed analytical expressions for the
characteristic polynomials of square lattice graphs. We obtain exact analytical formulae
for three-dimensional cubic lattices, square lattices, tubular square lattices, and cylindrical
square lattices containing any number of vertices.

1. Introduction

The computation of the characteristic polynomials of graphs has received
considerable attention from mathematicians and chemists in the last two decades
[1-41]. This is because not only are these polynomials important graph invariants,
but they also have many applications in chemistry and physics, including chemical
kinetics [40], quantum chemistry, dynamics of oscillatory reactions [32], lattice
statistics [6,42,43], and the estimation of the stability of conjugated systems [24,30,31],
formulation of the TEMO theory [40], electronic structure of organic polymers and
periodic structures [3,9], etc.

Since Sachs published his famous theorem in 1963 [44], several approaches
have been developed for the evaluation of the characteristic polynomials [16—-31].
However, the practical computation of these polynomials remained as a very difficult
problem until Balasubramanian programmed Frame’s method [45,46] in 1984 [1].
Balasubramanian’s program makes it possible for us to obtain the characteristic
polynomials of arbitrary graphs, even ones containing several hundred vertices, by
computer. However, it is important to derive analytical results or recursion formulae
for the polynomials of homologous or special graphs, especially as the number of
vertices approaches infinity. In fact, since the middle of the 1970s, Hosoya [16-22],
Trinajsti¢ [36], Gutman [23-25], Tang and Jiang [26-30], and other theoretical
chemists have made significant efforts to develop such techniques. Several approaches
such as the partition method, the contraction method and the operator method were
developed to evaluate the characteristic polynomials and the eigenvalues (HMO
energy levels) of chemical graphs [16—31]. Some of the results have been successfully
used in a series of chemical homologous graphs.
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Recently, Jiang and Zhang [29,30,47—51] have developed the moment approach
and the molecular fragment approach to rationalize systematically the aromaticity,
total energy and chemical reactivities, as well as the characteristic polynomials of
conjugated molecules and related graphs [S1]. They expressed these polynomials in
terms of the moments of graphs and in terms of fragments of bipartite graphs. One
of the advantages of the moment method is that it provides not only a starting point
for the computation of the characteristic polynomials, but also a convenient way to
obtain the analytical or recursion formulae of the polynomials in terms of graph
indices for homologous graphs.

In this paper, the moments of two- and three-dimensional square lattice
graphs are expressed in terms of the moments of linear chains and single rings for
planar square lattices, tubular square lattices, cubic square lattices and cylindrical
square lattices, respectively. Thus, multi-dimensional problems are reduced to one-
dimensional ones, which makes it possible to obtain the characteristic polynomials
of such graphs even when they are very large. Furthermore, the moments of these
graphs are expressed in terms of their graph size indices via the moment formula
of linear chain and single rings. Subsequently, the characteristic polynomials are
obtained from the moments.

2. Moment method for evaluation of characteristic polynomials

Several years ago, Jiang and Zhang [29,30,47-50] used the moment method
in the context of chemical graph theory for rationalizing stability and reactivities
of conjugated systems, although a similar moment method was used by Burdett and
co-workers and others in extended Hiickel theory [51,52]. One of the important
results is that a set of formulae were obtained for expressing the characteristic
polynomials in terms of the graph moments and in terms of molecular fragments
for alternants [29,30]. These formulae can be conveniently used to evaluate the
characteristic polynomials, in analytical or recursive form for homologous graphs.
We now introduce the method briefly.

For any given graph G with N vertices, its characteristic polynomial Pg(x)
is defined as follows:

Fo(x) =|xl - A(G)| = P +a1xan +a2xN_2+. . .+akxN_"+. otay, D)

where [ is the identity matrix with dimension N, A(G) is the adjacency matrix of
graph G with its elements

)

A 1, if vertices i and j are adjacent;
Y710, otherwise

and g, is the kth coefficient of the polynomial. What we need to do is to evaluate
all the a,’s for a given graph.
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Let Pg(x) = 0, with N real zero points (xy, xy, . . . , Xy), called the eigenvalues
or the spectra of the graph G. The mth moment y,, of graph G is defined as

N
Hp =X+ 27 4.+ xpy = x, 3
i=1
Obviously, an alternative definition of u,, is

Uy = trace (A™). 4)

Equation (4) can be taken as one of the algorithms for evaluating moments. It can
be deduced from the relations between the coefficients of the polynomial and its
zero points that

N

sz = =G,

i=1
N N

=2 Y xx; =y +aypy = -2ay, 5)
i <j

N N N
3, 2 DL xxjx = Myt ayflp + Gafly = =3a3,

i <j <k :

Finally, we can obtain

k
kay ==Y ap_ibh;. (6)

i=1

Equation (6) is the recursion formula of the characteristic polynomial in terms of
moments; it allows us to generate the kth coefficient q;, from ay, a,, ..., a; -, and
Ui, o, . . ., He. Generally, such a recursive expression can easily be programmed
for computing any a; via @, and moments by computer.

Now, let us recall Frame’s recursion formula [2,3],

~q, = % trace (AA;_1), N
where A is the adjacency matrix, and A, _, obeys the following equations:
Ay =1,
A = AAy+ayl,
(8)

Ay = AA +ayl,

Ak = AAk—l + akI,
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Substituting eq. (8) into eq. (7), we have
—kay, = trace (A¥ + A¥ g + A% gy +. .+ Alg )

= tal gyt @l .. A a [y

This is eq. (6). So, the moment method used by Jiang and Tang subsequent to 1986
is equivalent to Frame’s method used by Balasubramanian in 1984 and earlier by
others in different contexts. From the induction of eq. (6), one can obtain [29]

k 1 m
a-3 (4 o

(m) I=1

where (m) signifies a set of non-negative integers (my, my, ..., my) satisfying

k
k=1lm+2my+. . .+kmy =) Im.
=1

Equation (9) clearly shows the relation between moments and characteristic polynomials.
If the moments are known, we can calculate the characteristic polynomial
from eq. (9). Since moments can be expressed in terms of the basic invariants of
graphs, eq. (9) can be further transformed into a formula of the characteristic polynomial
in terms of the basic invariants of graphs [28,29]. In this paper, we express the
moments in terms of graph size indices for square lattice graphs, and obtain the
characteristic polynomials from eq. (9). The advantage of the moment method, which
we exploit fully in the present paper, is that it provides analytical formulas which
can be extended to the limit when the number of vertices goes to infinity.

3. Moments of linear chains and single rings

As shown later, the moments of square lattice graphs are closely dependent
on the moments of linear chains and single rings, so that we should obtain the
moment formulae for these graphs. Many results, such as spectra and characteristic
polynomials, have already been derived. Let us start from their graph spectra.

For any given linear chain and single ring with N vertices (see fig. 1), it is
well known that from the Chebyshev polynomials or the symmetry method their
eigenvalue spectra can be expressed as follows [31]:

L _ pr _ . .
X, = ZCOS(N+ ) p=1,2,...,N (for alinear chain), (10)

<R =2cos(%€,£), p=1,2,...,N (forasingle ring), (11)
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Fig. 1. Graphs of linear chain and single ring.

where xf; and xI; signify the pth eigenvalues of the linear chain and the single ring,
respectively. Then from the moment definition, eq. (3), we have

N
L _Am m| DT
=27 3, cos (NH), 12)
HR(N) = Zchos (?f;t), (13)
p=1

where ;t,ﬁ(N) and ,u,lf, (N) stand for mth moments of N-membered linear chains and
single rings, respectively. Starting from eqs. (12) and (13) and using Euler’s
transformation, we can express moments of these graphs in terms of the graph size
N and moment labels as follows:

(1) For an N-membered linear chain, it can be seen that

1 (N) = (N +1)CE, - 2%,
(14)

M1 (N) =0,

where C stands for the binomial coefficient. Generally, for any two non-negative
integers a and b satisfying a 2 b, we have

b _ al
Ca = Bia-br° (13

(2) Hence, for an N-membered single ring, we obtain

[n/N]
PR (2N)=2NC5, +4N Y, cphm,
m=] (16)
I3 (2N) =0,
[n/(2N+1)]
ER@N+1) =N +1C5, +2QN+1) Y, cp2m-m, (17

m=1
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R [(n+N+1)/(2N+1)]
PoniCN + D) =20QN+1) Y o (18)
m=1
where [ ] stands for the greatest integer containing the number within the square
bracket.

4. Moments and characteristic polynomials of square lattices

As a set of important regular graphs in graph theory and statistical physics,
square lattice graphs have received much attention either physically or mathematically
in recent years [3,18,22,42,43]. They are the basis of two-dimensional Ising models
and lattice gas statistics. In fact, the general dimer statistics of these graphs for
partial coverings remains as yet unsolved. So, it is of interest to investigate the
moments and characteristic polynomials of these graphs.

In this section, we consider two kinds of two-dimensional square lattice
graphs, planar square lattices and tubular square lattices (see fig. 2), and two kinds
of three-dimensional square lattice graphs, cubic square lattices and cylindric square
lattices (see fig. 3). Here, we need pay attention only to planar square lattices; their
results can be easily extended to the others. For any given planar square lattice with
M rows and N columns, label its points as shown in fig. 2. Under this labelling, its
adjacency matrix A is partitioned as follows:

A= 1 ‘. . , (19)

L dMxM

where / is the N-dimensional identity matrix and Ay is exactly the adjacency matrix
of an N-membered linear chain, i.e.

oY

AN = 1 . K . 1 s (20)

N
L ANxN
RN
1
/= @1
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Tubular square lattice

Fig. 2. Two-dimensional square lattice graphs.

AN A AAYA

L LSS S

1 2

N

Cubic square lattice

Let

then eq. (1) can be written as

A=BM+1M'

Cylindrical square lattice

Fig. 3. Three-dimensional square lattice graphs.

Since By and Iy are two commuting matrices, we obtain

225

(22)

(23)
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2n
=By +Iy) "= Y CLBETIY, (24)
m’=0
2n s .,
1S, (M X N)=Tr(A*) = Y CoTr (B ™™ I}), (25)
m'=0

where y,fn(M x N) denotes the 2nth moments of M x N planar square lattices. From
(19) it can be seen that

A2n—m
2n—m’
- A
BZn m’ __ N

M= Q . : (26)
2
A o MxM
When m’ is an even number standing for 2m, we obtain
nll 0 Q
) n21
3 = : @7)

b 0 nM

i.e. the dlagonal is non zero and other bands are alternatively zero, where
n+n+.. . +tnay= uz,,,(M) i.e. the 2mth moment of an M-membered linear chain.
When m’ is an odd number, 2m + 1, we obtain

0 myl w
ml 0
o omyd |
B my 1 0

i.e. the diagonal is zero and the off-diagonal bands are non-zero alternatively. Using
egs. (23)—(26), we obtain

I%f"ﬁ“l =

(28)

Tr(BE 2" I2") = mTr (A 2™ +. . .+ ny Tr(AF2m)

=(m+ny+. .. +m)TI(AF™™), (29)

TI‘ (B%l"-zm—llflm.’-l) — 0‘ (30)
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Noticing that ny+ ny+ ...+ ny= ;LI{,,,(M), and using eq. (4), we have

Tr (B 2™ I3 = 1y (Mg, gm(N). (31

Substituting eq. (28) into eq. (22), we obtain the final moment formula

M5, (M X N) = Ec T (M) L2 (N,

m=0
MEnp1(M X N)=0. (32)

Following the same procedure, we can obtain the moment formulae of the tubular,
cubic and cylindric square lattices as follows.

For the tubular square lattice, spanned by an M-membered linear chain and
an N-membered single ring, we obtain

L. (MxN)= zcz,, (M) 2, (N), (33)
m=0
#’ZIH-I(M X N) - 2 n+1ﬂ2m(M)ﬂ§n+l—2m(N)' (34)
m=0

For the cubic square lattice spanned by three M-, N-, L-membered linear
chains, it can be seen that

n

e MXNY=Y 3 C3rCs 51 (L) g2t (M) 135y 2m(N),
m=0 [=0

HS2 (M X N x L) =0, (35)

For the cylindrical square lattice spanned by M- and L-membered linear
chains and an N-membered single ring, we obtain

HEMXNXL) =Y, Y CHCE phy (Lt oy MR, (N, (36)
m=0 (=0

Hsni(M XN X L) = 2 2 Com Con bt (D oy (M) i1 om(N). (3T)

m=0 [=0

Equations (32)—(37) successfully express the moments of two- and three-
dimensional square lattices in terms of moments of chains and rings. It is obvious
that this set of formulae simplifies greatly the evaluation of moments for lattice
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graphs. Substituting eqgs. (14), (16)—(18) into egs. (32)-(37), we can derive the
moments formulae of two- and three-dimensional square lattices in terms of their
graph size indices.

For the planar square lattice spanned by M- and N-membered linear chains,
we obtain

15, (M x N) = i P(M,N,m),
m=0 (38)
15pi1(M X N) =0
where
P(M,N,m) = C2M"[(M +1)CJ" = 2*™|[(N +1)Cjom  —2372my, (39)

For the tubular square lattice spanned by an M-membered linear chain and
Nr-membered single ring (Ng = 2N or 2N + 1), we get

3 (M x2N) = Y T,(M,N,m),
m=0 (40)
13011 (M X 2N) = 0,

P2 [MX 2N + D)= Y T,(M,N,m), (41

m=0

T n
Hanr1[M X (2N + D] = Y T;(M,N,m), (42)

m=0
where
[(n—m)/N]

T,(M,N,m) = CZ7[(M +1)CJ, = 2™ 2NC5.™,, + 4N Z crm-Nay (43)

T,(M,N,m) = C2™[(M +1)CJ*, —22™]

B [(n—m}[(2N +1)] N
X{QN +1)C3 5, +2QN+1) Y CpmNtay, (44)
q=1

T,(M,N,m) = 22N + DCIM (M + )C, — 2™

[(n—m+N+1}/(2N+1)]

—m—2qN—q+N+l
X 2 Conlomit (45)
q=1
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For the cubic square lattice spanned by M-, N-, and L-membered linear
chains, we obtain

UM XNXL)= ZCb(M N,L,m),

m=0 (46)
Cb —
H5ra(M XN xL)=0,
where
Cb(M,N,L,m) = C}™"(N +1)Ci.m —2%"~2m)
m
X D Coml(L+1)Cy = 22 1[(M +1)CFty — 227721, (47)

For the cylindrical square lattice spanned by L- and M-membered linear
chains and an Nx-membered single ring (Ng = 2N or 2N + 1), we obtain

m=0
(48)
Ut (M x2N X L) =0,
PSIM x (2N +1)x L] = ECIZ(M, N,L,m), (49)
m=0
Cl _ n
Hzni[M X (2N +1)x L] = Y Cl3(M,N,L,m), (50)
m=0
where
[(n—m)/N]
CL(M,N,L,m) = C3T2NCy T +4N Y, Cpmeiay
q=1
x 2 CI3L (L +1)Ch; =22 1[(M +1)Cty =222, (51)
[(n—m){(2N +1)]
ClL(M,N,L,m) = CiT{@N +DC3. 5, +2@N+1) Y, €550

=1

X i i (L+1ck, -2 (M + et -2, (52)
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[(n—m+N+1)/(2ZN+1)]

Cly(M, N, L,m) = CI (4N +2) Y Cpom=2aN=g+N+1
gq=1

Equations (38)—(53) are the moment formulae of two- and three-dimensional square
lattices in terms of their graph size indices L, M and N. On substituting them into

eq. (6) or eq. (9), the characteristic polynomials can be obtained. For planar square
lattices

k i Kkl
auMxNy= 3 IT L {— 517 > P(M, N,m)} , (54)

(my,my,..., m) 1-1

k
where Y Im = k;

a2k+l(MXN) =0,

For tabular square lattices
£ "
oM x2My = Y JI—= [ 51 ZTI(M N, m)} ; (55)
: m=0
02k+1(M X 2N) ={;

1/2 "
ay[M x 2N +1)] = Y H [— % Y T,(M, N, m):|
m=0

(my,my,...,my; ) evenl ml

2k-1 1 l(l 1)/2 K&l
X —|-= ) BWMNm| , (56)
oddl ™! | ! az0

where ZIm, = 2k;
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2k 12 m
1
BenM X Q2N + 1] = Y, I1 — [— =Y LM, N, m)}
(my,my,...,map,y) evenl my: m=0
U+l 1 42 i
xH————2T3(MNm) : (57
oddl ! m=0

2k+1

where 2 Imp =2k + 1.
I=1

For cubic square lattices

k ! i
m=0

k
where Y Im, = k;

Gy [MX N X L] =

For cylindrical square lattices

k @
ayM x2Nx L= Y H—l-[——ECII(MLm)] (59

{
(mymy,...omy) 1=1 T m=0

k
where z Imy = k;

@i [M X 2N X L] =

2k 1/2 my
auMx@2N+D)x L= Y I1 L[—lZClz(MNLm)]
(mymy,...,my) evenl m: m=0
2k-1 1 -0/ ™
xH -~ > ClL(M,N,Lm)| , (60)
it ™! | 1 a0

2k
where Z Im; = 2k;
I=1
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2k /2 i
GnM XN+ x L= 3 = [_ LS e, w, L,m)jl
(my,my,...,my, ) evenl my: lm:O
2l 1 -2 ™
x[1T—=|-- X ClsM,N,L.m)| , (61)
odd! ™ |

2k+1
where 2 Im =2k + 1.
i=1

Equations (54)-(61) are the analytical formulae of characteristic poly-
nomials for square lattice graphs obtained from the moment method, which allows
us to evaluate the polynomials of these graphs even as the graph indices M, N, and
L tend to infinite. This indicates that the moment method is also effective for
computing the characteristic polynomial and especially in dering the analytical or
recursion formulae for homologous series. An open problem now is how to
extend this method to other systems, for example an infinite honeycomb lattice
graph.

In 1983, Hosoya and Ohkami [19] developed a systematic approach, called
the operator method, for evaluating various kinds of polynomials, such as the
characteristic polynomial, the matching polynomial, the king polynomial, etc., of
homologous graphs. Since then, Hosoya and co-workers have applied this approach
to a series of homologous graphs and obtained many recursion formulae [19-22].
Essentially, the operator method is based on the partitioning technique, so that its
use depends on how many kinds of graphs are formed when we delete some edges
in the graph considered. Generally, if the partitioning method yields more than four
graphs, it seems to be difficult to obtain the eigenvalues of the operator determinant.
In two- or three-dimensional homologous graphs there are, respectively, two or
three graph size indices, such as M, N, L in square lattice graphs. The operator
method can work only when one of the indices tends to infinity, which means that
the method is more effective for one-dimensional problems rather than two- or
three-dimensional ones. However, the operator method is universally applicable to
all kinds of polynomials, while the moment method is not. For example, the moment
method is difficult to use for matching polynomials because it is difficult to obtain
“matching moments”.
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